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1 Introduction14

Schumpeter (1942) argue that technological innovation often creates temporary monopolies, allowing15

abnormal profits that would soon be competed away by rivals and imitators. These temporary mo-16

nopolies are necessary to provide the incentive for firms to develop new products and processes (see,17

also, Loury (1979), Grossman and Helpman (1991), Aghion and Howitt (1992), Caballero and Jaffe18

(1993), Martin (1993)). In contrast, Arrow (1962) shows that a monopoly facing no competition for19

existing and new technologies has fewer incentives to invest in process innovation than a firm in a20

perfectly competitive industry due to the replacement effect (see, also, Porter (1990), and Baily et al.21

(1995)).1 Namely, a firm with a monopoly position in a market has a flow of profit that it enjoys if22

no innovation occurs. A monopolist can increase its profit by innovating but loses the profits from its23

old technology. While under competition, there is a significant return to innovation since under the24

old technology, firms make small or zero profits. After many years of scrutiny, the main conclusion25

of the literature at both the empirical and the theoretical level is that the relationship between R&D26

and competition intensity is sometimes positive, sometimes negative, and sometimes positive at a low27

competition intensity level and then negative at a high competition level.28

This paper studies the relationship between R&D and competition. We model R&D as a sequential29

information acquisition problem à-la-Wald (1945). When the firm carries R&D, it receives a signal30

at each time, and beliefs are updated according to Baye’s rule. We apply the methodology outlined31

in Araman and Caldentey (2022) to interpret the continuous-time beliefs as the stochastic limit (in32

weak convergence sense) of a pure-jump Bayesian learning process in which updates occur at discrete33

time epochs. A key consequence is that beliefs evolve according to a stochastic differential equation34

and are a martingale. Thus, the stopping time consists of a hitting time; that is, the first time when35

the stochastic belief-updating process hits a given subset of the state space, a decision is made. To36

solve the optimal stopping problem, we use the verification theorem in Araman and Caldentey (2022),37

which is based on Ito’s Lemma and Dynkin’s formula.38

We consider an industry with two firms indexed with the same instantaneous discount factor that39

1There is a literature inspired by the seminal work of Hart (1983), focusing on managerial incentives, such as Schmidt

(1997), Aghion et al. (1997) and Aghion et al. (1999), that provides rationales for a positive correlation between

competition and managerial effort that can be associated to innovation. This literature hinges on an unusual assumption

that managers minimize innovation costs subject to the constraint that the firm does not go bankrupt, instead of the

more common assumption of profit maximization.
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engage in the following stochastic game in continuous time: initially, firm 1 chooses between im-40

plementing a non-disruptive innovation whose characteristics in terms of profitability–either good or41

bad– are initially unknown, discarding the innovation, or to conduct R&D for an optimally chosen42

time before making the decision. The bad idea is less profitable than the good idea. The bad idea is43

one whose implementation is more likely to fail than the good idea.44

Each firm has three options: (i) to implement the idea immediately, (ii) to discard it immediately and45

keep producing with the current technology, or (iii) to engage in R&D to gather information about46

the profitability of the idea before deciding whether to implement it or discard it. A firm’s decision47

to implement an idea or not do so is irrevocable.48

We assume that firms’ prior belief about the idea being bad–common to every firm– is common49

knowledge. Doing R&D has a constant marginal cost per unit of time. The marginal cost is no longer50

paid once a firm implements or discards its idea.51

Following Athey and Schmutzler (2001), Boone (2000), and Schmutzler (2010), we assume that firms52

are endowed with a reduced-form profits function depending on the innovation profile and a parameter53

that measures competition intensity, such as the degree of product differentiation or the number of54

competitors. The reduced-form profits result from an unmodeled product-market game in which firms55

choose strategic variables such as prices or quantities. The market structure is exogenous and held56

constant.57

First, we consider the case in which only one firm has an idea and the case in which the firm has more58

than one idea that must be investigated sequentially. Secondly, we consider the case in which both59

firms have ideas, which are also investigated sequentially.60

Given that the discounted payment when the idea is good is larger than when it is bad, the firm’s61

optimal strategy is characterized by the solution to a stochastic differential equation (SDE) arising from62

the agent’s optimal stopping problem. The solution is a hitting time with a low and high threshold.63

When the posterior belief hits the low threshold, the firm stops doing R&D and implements the idea64

the project, and when it hits the high threshold, the firm stops R&D and discards the idea, in which65

case it gets the same profits that it got while doing R&D but it save its cost. We call this the regular66

profits.67

The high threshold occurs when the solution to the SDE hits and is tangent to the firm’s regular68

profits. The low threshold occurs where the solution is tangent to the locus of points that yields69
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the expected discounted profits. The smooth-pasting and value-matching conditions when the idea is70

either executed or dropped are optimal conditions explained by the assumption that the firm can stop71

doing R&D and decide what to do at any time it wishes.72

The R&D intensity, as measured by the difference between the two thresholds and the expected time,73

and the probability that the idea is implemented fall as regular profits increase when the profit from74

the innovation is held constant. Thus, the model confirms the existence of Arrow’s replacement effect.75

However, when competition intensity is captured by a parameter such as the differentiation or number76

of firms, an increase in competition intensity not only decreases regular profits but also the profits77

from the idea. In this case, the relationship between R&D and competition is negative when the78

expected profits elasticity of competition is larger in absolute value than the regular profits elasticity79

of competition intensity. If the opposite happens, the relation becomes positive.80

The rest of the paper is as follows. The next section discusses the related literature. Following81

this, in Section 3, we present the model. In Section ??, we solve for the socially optimal accep-82

tance/rejection/learning strategy. Then, we study the agent’s problem. In Section ??, the principal’s83

optimal contract is derived. After this, Section ?? discusses two extensions regarding moral hazard84

and more general contracts. In the final section, we present concluding remarks and discuss future85

work.86

2 Literature Review87

This paper, first and foremost, contributes to the literature on R&D with asymmetric information and88

Bayesian Learning.89

In our setting, each firm is faced with an optimal stopping problem with sequential information acquisi-90

tion à-la-Wald (1945) (see also Wald and Wolfowitz, 1948). Rather than assuming that learning occurs91

at discrete time epochs, as it is customary in the sequential learning literature (see, e.g., Chernoff,92

1959, 1972, Siegmund, 1985 and references therein), we adopt a continuous-time Bayesian formulation93

in which the agent’s beliefs evolve as a martingale diffusion process. We apply the methodology out-94

lined in Araman and Caldentey (2022) to interpret the agent’s continuous-time beliefs as the stochastic95

limit (in weak convergence sense) of a pure-jump Bayesian learning process in which the agent updates96

his beliefs at discrete time epochs.297

2Continuous-time formulations of multi-armed bandit problems have received limited attention in the literature. Two
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Numerous articles, including those by Roberts and Weitzman (1981), Moscarini and Smith (2001),98

Branco et al. (2012), Fudenberg et al. (2018), and Lang (2019), have extensively explored drift-diffusion99

models (DDMs), wherein signals follows a Brownian motion dynamics with unknown drift. Ulu and100

Smith (2009) studies the broadest setting of this problem, incorporating general probability distri-101

butions for payoffs and the decision maker’s beliefs. They demonstrate that if the signal-generating102

process satisfies the monotone likelihood ratio property and the DM is risk neutral, the value functions103

and learning policies will satisfy natural monotonicity properties. Subsequently, Smith and Ulu (2017)104

extends the analysis to consider risk-averse decision-makers.105

The study of the relationship between competition and innovation dates back to Schumpeter (1942),106

who argues that monopolies provides stronger incentives to innovate.3 In contrast, there is a large107

literature that claims that an increase in competition intensity increases industry-wide innovation108

(see, for instance, Arrow (1962), Porter (1990), and Baily et al. (1995)) and, as a consequence of this,109

efficiency. However, both argue that to the extent that innovation cannot be kept fully private, the110

returns to the investment in it cannot be fully appropriated by the firm undertaking the investment and,111

therefore, firms will be reluctant to invest, leading to the underprovision of innovation in the economy.112

Furthermore, in a Schumpeterian economy there is a price to pay for rapid technological progress given113

by a market structure involving large firms with considerable market power. These views spurred a114

large theoretical and empirical literature studying the relationship between competitive pressure and115

innovation.116

Aghion and Bolton (1997), Aghion et al. (2001) and Aghion et al. (2005) show that there is an117

inverted U-shaped relationship between competition intensity and industry-wide innovation. This118

stems from the fact that innovations are strategic substitutes and there are large spillovers, defined119

as the probability that a follower moves one step ahead of the leader without investing in innovation.120

Their model assumes that the lagging firm is always one step behind by assuming that when the leader121

innovates by one step (which is the maximum allowed), the follower copies, at no cost, the technology122

the leader had before the new innovation is discovered. Vives (2008), López and Vives (2016) and123

notable exceptions include the recent papers by Wager and Xu (2023) and Fan and Glynn (2021) in the context of

multi-armed bandit problems who study a similar type of asymptotic regime and diffusion limits as the ones considered

in this paper.
3This relationship has been considered key to understand growth and development (see, e.g., Aghion et al. (2001), market

concentration (see, e.g., Athey and Schmutzler (2001)), and technology adoption (see, e.g., Reinganum (1989)) among

many other important economic issues.
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Gilbert et al. (2018) also argue in favor of an ”inverted-U” relationship between competition and124

innovation.4 Marshall and Parra (2019) study a dynamic innovation model and provide conditions125

regarding the relationship between the profit gap and the intensity of competition for when the latter126

increases or decreases industry innovation and welfare. Letina (2016) shows that an increase in the127

intensity of competition, defined as any exogenous change which decreases firm profits, increases the128

variety of approaches to innovation, and decreases the amount of R&D duplication in equilibrium.129

Thus, the total amount invested in R&D may either increase or decrease with competition.130

Schmutzler (2013) studies a reduced-form profit duopoly and defines that an increase in a parameter131

means a higher competition intensity when it decreases price-cost margins, increases the impact of own132

innovation, and decreases the impact of competitors’ innovation on its own demand, demand increases133

with its own innovation, and price-cost margins fall with it. He shows that if the well-known Hahn’s134

stability condition holds, the firm i’s investment is weakly increasing and firm j’s weakly decreasing135

with competition intensity only if firm i’s marginal return rises with competition intensity, firm j’s136

marginal return falls with it, and firms’ investments are substitutes. We generalize Schmutzler’s137

(2013) results by considering more than two firms, innovations that could be either complements or138

substitutes, and more general conditions regarding the impact of competition intensity in marginal139

returns. Furthermore, the conditions for increasing industry-wide innovation in a duopoly cannot be140

generalized to oligopolies.141

Boone (2000), also using a reduced-form model, analyzes the effects of competitive pressure on firms’142

incentives to innovate. He considers both product and process innovations. The effects of a rise in143

competitive pressure on a firm’s incentives to invest in these innovations depend on its efficiency level144

relative to that of its opponents. He provides conditions under which a rise in competitive pressure145

increases each firm’s innovation in process innovations and shows that a rise in competitive pressure146

cannot raise both product and process innovations at the industry level. Boone (2001) considers the147

effects of the intensity of product market competition on R&D incentives. He proposes four axioms148

that a measure of competition intensity should satisfy and shows that the axioms imply the existence149

of different types of non-monotone relations between the intensity of competition and the value of150

4Gilbert et al. (2018), using Aghion et al.’s (2005) model, show that when n = 2, innovation is decreasing in competition

intensity–product differentiation– when large externalities are not allowed, and when there are n > 2 firms, innovation

increases with the number of rivals. They also show that an inverted U-shape relationship may arise without externalities

when there are more than two firms, leaders’ profits decrease in the number of leaders, followers always make less money

than leaders, and innovations are substitutes.
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innovation. He requires the same sufficient conditions that we do for industry-wide innovation to151

increase, but he also needs symmetry.5152

The empirical evidence is consistent with the fact that, theoretically, the prediction regarding the153

relationship between competition and innovation is ambiguous. Baily et al. (1995), Blundell et al.154

(1995), Nickell (1996) provide support for a positive relationship between industry-wide innovation155

and competition, while Aghion et al. (2005) provide evidence in favor of an ”inverted-U” relation-156

ship between competition and industry-wide innovation. Hashmi (2013) finds a negative and robust157

relationship between competition and industry-wide innovation. To reconcile the mildly negative re-158

lationship in the U.S. data with the inverted-U relationship found by Aghion et al. (2005) in the U.K.159

data, he tests whether U.K. manufacturing industries are technologically more neck-and-neck than160

their counterparts in the United States and finds support for this.161

Beneito et al. (2015), using panel data of Spanish manufacturing firms for 1990-2006, find that greater162

product substitutability and higher costs of entry lead to more process innovation, but less product in-163

novation, whereas increases in market size increase both product and process innovation. Kretschmer164

et al. (2012) find that higher competitive pressure, as measured by the elimination of exclusive terri-165

tories in the French automotive market, lowers process innovation and increases product innovation.166

They pay special attention to the impact of the scale of operations and innovation strategies by consid-167

ering multiple innovations. This highlights the importance of the output or scale effect on innovation.168

Goettler and Gordon (2011) study competition between AMD and Intel by assuming as counterfactual169

that Intel is a monopoly. They find competition from AMD had a negative impact on the speed of170

innovation, but overall it has had a positive effect on consumer welfare because the competition effect171

on prices has offset the lower quality. They also consider the counterfactual scenario of a symmet-172

ric duopoly where the two firms have the same demand brand fixed effects and innovation intensity173

parameters. They report that investment in R&D, innovation rates, and average quality decline. How-174

ever, welfare increases by $34 million (1.2%), industry profits decline by $8 million, and social surplus175

increases by $26 million (less than 1%). This stems from the fact that prices decline and this effect176

more than offsets the quality decline.177

Hashmi and Biesebroeck (2016) study the effect of market power on innovation in the automobile178

industry. Their main finding shows that adding another firm would lower the rate of innovation in179

5Earlier work on stochastic patent races (e.g., as surveyed by Reinganum (1989)) considers the relationship between the

number of competitors and the rate of innovation with mixed results.
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this industry, and this effect is magnified with higher-quality entrants, but industry-wide innovation180

increases in most market structures. They also find that holding their own quality constant, innova-181

tion is declining in average rival quality but increasing in quality dispersion. Hence, the impact of182

competition at the individual firm level is negative, but at the industry-wide level is rising because of183

entry.184

Igami (2017) studies the relationship between competition and innovation by focusing on the propensity185

to innovate of new entrants relative to incumbents in the hard drive industry. He finds that despite186

strong preemptive motives and a substantial cost advantage over entrants, cannibalization makes187

incumbents reluctant to innovate, which can explain at least 57% of the incumbent-entrant innovation188

gap. Hence, the replacement effect seems stronger than the preemption effect. Igami and Uetake189

(2019) study a stochastically alternating-move game of dynamic oligopoly and estimate it using data190

from the hard disk drive industry, in which a dozen global players consolidated into only three in the191

last 20 years. They find plateau-shaped equilibrium relationships between competition and innovation,192

with heterogeneity across time and productivity.193

Lampe and Moser (2013) find that patent pools in the 19th-century sewing machine industry de-194

creased the patenting intensity of pool members, and Lampe and Moser (2016) find that patent pools195

decreased patenting intensity and citations across 20 industries. The underlying mechanism behind196

this relationship is that patent pools weaken competition in R&D, decreasing innovation output.197

Hence, the empirical and theoretical relationship between innovation and competition is a-priori am-198

biguous and depends on the measure of competition used and the type of innovation studied. Fur-199

thermore, this conclusion ignores the role that financing constraints have on firms’ investment in200

innovation. Indeed, Arrow’s (1962) argue, foreshadowed by Schumpeter, that a key determinant of201

innovation is the existence of a wedge between the rate of return required by an entrepreneur investing202

his own funds and that required by external investors due to incomplete pledgeability of innovation203

outcomes, and the fact that security markets are incomplete and unable to ensure investors of the high204

uncertainty involved in innovative activities due to the trial and error nature of them. Thus, unless205

an inventor is already wealthy, innovation activity is bound to be subject to credit constrained.6206

While we share with these papers the notion of incentive for experimentation in Bayesian environments207

and optimal stopping in continuous time, none of the papers study a setting like ours where the main208

6For reviews of the empirical literature regarding the relationship between innovation and credit access see, for instance,

Kerr and Nanda (2015) and Hall and Lerner (2010)).
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drivers of inefficiencies are the fact that the choice between the risky and safe arm bandit is fully209

delegated to the agent and he can quit any time before committing to the risky arm, learning is210

private, and it is impossible to contract on certain states and the history of experimentation. Our211

setting captures, albeit in a simple form, many real-life situations that these other papers cannot speak212

to.213

3 Model Setup214

Let’s consider an industry with n firms, indexed, i ∈ I ≡ {1, . . . , n}, with the same instantaneous215

discount factor r that engage in the following stochastic game in continuous time: at t = 0, firms choose216

whether or not to implement an innovation whose profitability is initially unknown for everyone. Each217

firm has three options: (i) implement the project immediately, (ii) reject it immediately and perform218

with the current technology, or (iii) spend time doing R&D to gather information about the profitability219

of the innovation before deciding whether to implement it or to reject it and take the outside option.220

The firm’s decision to implement or not do so is irrevocable.221

The idean can be either “bad” or “good” to implement. We will use θ to represent the unknown type222

of innovation, with θ = B indicating that it is bad to implement and θ = G indicating that it is good223

to implement. The prior belief –common to every firm– that the innovation is hard to implement is224

denoted by δi = P(θi = D). We will assume that δi ∈ (0, 1), innovations are distributed i.i.d. across225

firms, and all firms have the same prior δ.226

Let d−i ≡ (. . . , di−1, di+1, . . .) ∈ {0, 1}n and d ≡ (di, d−i). Firm i’s profits when the idea is discarded227

are πi(0, d−i;µ) and those during the periods the firm does R&D are πi(0, d−i;µ) − c, where c is the228

per-unit of time cost of R&D and µ is a parameter measuring competition intensity such as the product229

differentiation, the number of firms, etc.230

When the firm implements the idea, and this is good to implement, firm i’s profits are πiG(1, d−i;µ)231

and when the implementation is hard, profits are πiB(1, d−i;µ).232

The profit function must be understood as the equilibrium profits of a sub-game that occurs after233

firms observe (d, µ), where firms compete in the product market by simultaneously choosing prices234

or quantities or any other strategic variable.7 For this interpretation to be valid, we need to assume235

7See, Athey and Schmutzler (2001), Schmutzler (2013) and Boone (2000, 2001) for a similar reduced-form approach.
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that there is a Nash equilibrium selection in the product-market game that can be identified for every236

innovation profile d.8 We assume that profits are weakly decreasing in µ, capturing that more intense237

product market competition decreases the profits of all firms in every possible state.238

Assumption 1. For all i ∈ I,239

i) For all d ∈ {0, 1}n, πiG(1, d−i;µ) > πiB(1, d−i;µ).240

ii) For all d−i ∈ {0, 1}n−1, πi(0, d−i;µ)− c > 0.241

iii) For all d−j ∈ {0, 1}n−1 and j ̸= i, πiθ(1, d−j ;µ) ≷ πiθ(0, d−j ;µ) and πi(1, d−j ;µ) ≷ πi(0, d−j ;µ).242

Part 1 says that the profitability of the idea, ceteris paribus competitors’ innovation decisions, is243

higher when its implementation is good than when it is hard. Part 2 establishes that firm i’s profits244

are positive while doing R&D. Part 3 establishes that firm i’s profits may either increase or decrease245

when a competitor implements its idea.246

From here onwards, we will say that firm i has positive externalities on firm j when an increase247

its innovation (weakly) rises, ceteris paribus, firm i’s profits and has negative externalities when the248

opposite happens.9 For any pair of investments i and j, externalities could be either positive or249

negative.250

Externalities could arise from technology spillovers, knowledge sharing, and/or incomplete appropri-251

ability, which may increase/decrease the productivity of other firms operating in similar technology252

areas, or strategic spillovers, reflecting product-market interactions that create an indirect link between253

the investment decisions of firms through their anticipated impact on product market competition.254

A firm’s strategy is given by a tuple (τ i, di), where τ i ≥ 0 is the (possibly random) time firm i spends255

conducting R&D, and di ∈ {0, 1} is the firm’s decision to either implementing the innovation (di = 1)256

or discarding it (di = 0).257

8The standard approach is to assume that there is a unique locally stable equilibrium profile in the third stage that

depends smoothly on investment and parameters. For instance, Milgrom and Roberts (1990) show that this holds for

Bertrand’s competition with differentiated goods, and Amir (1996) shows that this is the case for the Cournot game

with fixed marginal costs when the inverse of the demand function is log-concave. To get uniqueness, it is usually

assumed that product-market payoffs, given d, satisfy the well-known dominant diagonal condition.
9Externalities have been discussed in works such as Bloom et al. (2013), López and Vives (2016) and d’Aspremont and

Jacquemin (1988).
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For future reference, we let F = (Ft)t≥0 denote the usual filtration generated by Bt and by T the set258

of stopping times regarding F. We will naturally require τ ∈ T and d ∈ Fτ . Let δt = P(θ = 1 | Ft)259

denote the agent’s belief after conducting due diligence for t time units, where Ft is the collection of260

information the agent has gathered during this period. Henceforth, we denote by τ the amount of261

time the agent spends on due diligence activities.262

A firm’s information acquisition process is such that its belief δt, after conducting R&D for t units of263

time, evolves over this period according to the stochastic differential equation (SDE)264

dδt = δt (1− δt)σ dBt with initial condition δ0 = δ, (1)265

where Bt is a Brownian motion and σ is a parameter that captures the firm’s “speed” of learning.266

The term of δt (1 − δt) captures the intuitive idea that new information has less impact on posterior267

beliefs when there is greater certainty about the innovation’s type—that is when δt is close to zero or268

one.269

The continuous-time stochastic evolution of δt in (1) can be understood as the limit (in the sense of

weak convergence) of a discrete-time belief process. In this discrete-time setting, every ∆ > 0 time

unit, the agent gets a signal that is used to update the belief about the profitability of the innovation.

Let δ∆
µ denote the agent’s belief after collecting the nth signal. Then, δ∆

n evolves according to Bayes’s

rule

δ∆
n = δ∆

n−1 + (1− δ∆
n−1) δ

∆
n−1

(
1− L∆

n

δ∆
n−1 + (1− δ∆

n−1)L∆
n

)
,

where L∆
n is the (random) likelihood ratio associated with the nth signal. By letting ∆ ↓ 0 and allowing270

L∆
n converge to 1 (a.s.) at a rate of O(

√
∆), one can show that δ∆

n converges weakly to the continuous-271

time process δt in (1) (see Araman and Caldentey, 2022 for details). With this interpretation, we272

consider the continuous-time model to be a mathematically convenient approximation of a discrete-273

time model. The advantage of a continuous-time formulation is that it will enable us to apply the274

tools of stochastic calculus to the martingale process δt.275

An assumption in th3e4 model is that the number of firms is exogenous. Thus, we are silent about276

the determinants of market structure (e.g., entry costs) and factors that could trigger changes in the277

number of competitors (e.g., mergers). Because the main purpose of our analysis is to understand278

how competition in both the product market and innovation impact innovation, independent of what279

factors could explain a change in competition, we chose not to endogenize market structure in any280

way.281
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4 The One Investor Case: The Optimal R&D Strategy282

4.1 One Idea283

In this section, we derive firm i’s optimal strategy when all other firms do not have an idea to284

implement, and the current technology profile is given by d−i.285

The firm’s optimal strategy solves:286

sup
(τ i,di)∈T×{0,1}

{∫ ∞

τ i
e−r t

(
diEδπ

iθ(1, d−i;µ) + (1− di)πi(0, d−i, µ)
)
dt+

∫ τ i

0
e−r t(πi(0, d−i, µ)− c)dt

}
(2)

287

subject to288

dδt = δt (1− δ)σ dBt and δ0 = δ,289

where r > 0 is the agent’s discount factor and Eδ[·] is the conditional expectation operator given a290

belief δ.10291

To understand the equation above, notice that if the firm implements the idea at time τ , it obtains an292

expected flow payoff of Eδπ
iθ thereafter. On the other hand, if the firm stops and takes the outside293

option at time τ , it expects a flow payoff of πi(0, d−i;µ) thereafter. Hence, the marginal benefit of294

stopping and implementing the idea is Eδπ
iθ −πi(0, d−i;µ)+ c. In contrast if the firm continues doing295

R&D, it obtains an expected flow payoff of πi(0, d−i;µ)− c.296

Observe that firm i’s payoff can be written as297

1

r

(
πi(0, d−i;µ)− c+ Eδ

[
e−r τ

(
di (πiθ(1, d−i;µ)− πi(0, d−i;µ) + c) + (1− di) c

)])
298

=
1

r

(
πi(0, d−i;µ)− c+ Eδ

[
e−r τ

[
Eδτ

(
di (πiθ(1, d−i;µ)− πi(0, d−i;µ) + c) + (1− di) c

)]])
299

=
1

r

(
πi(0, d−i;µ)− c+ Eδ

[
e−r τ

(
di (Eδτπ

iθ(1, d−i;µ)− πi(0, d−i;µ) + c) + (1− di) c
)])

.300

From this it follows that for given stopping time τ , di⋆ = I
(
πi(0, d−i;µ) ≤ Eδτπ

iθ(1, d−i;µ)
)
.301

Let’s define the function V (δ) as the maximum between the expected present value of profits when the302

idea is implemented immediately and that when it is discarded immediately, both minus the present303

10Specifically, Eδ[·] := (1− δ)πiG + δ πiB .
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value of conducting R&D forever, conditional on the belief being δ and competitors’ innovation profile304

being d−i. It readily follows from the previous discussion that the firm’s profits are305

V (δ) =:
1

r

(
πi(0, d−i;µ)− c+max

{
δiπiB(1, d−i;µ) + (1− δi)πiG(1, d−i;µ)− πi(0, d−i;µ) + c, c

})
.

(3)306

Given the optimal decision di⋆, firm i’s optimal stopping problem is given by307

V(δ) = sup
τ i∈T

{
Eδ

[
e−r τ iV (δτ i)

]}
(4)308

subject to309

dδt = δt (1− δt)σ dBt and δ0 = δ.310

Let’s denote the optimal solution to (4) by (τ i⋆, di⋆). In the rest of this section, we omit the supra-index311

i when there is no risk of confusion since it is the only firm with an idea to be implemented.312

The following is an immediate consequence of the definition of V (δτ ).313

Lemma 1.314

i) If πiB(1, d−i;µ)− πi(0, d−i;µ) ≥ 0, it is optimal to implement the innovation immediately.315

ii) If πiG(1, d−i;µ)− πi(0, d−i;µ) < 0, then it is optimal to discard the innovation immediately.316

Proof: The proof of this and other results are relegated to the Appendix. □317

According to Lemma 1, the firm i’s problem admits a trivial solution in the cases considered in the318

Lemma. For this reason, in what follows we will restrict profits to those satisfying the following319

condition.320

Assumption 2. For all d−i ∈ {0, 1}n−1, πiG(1, d−i;µ) > πi(0, d−i;µ) > πiB(1, d−i;µ).321

This implies that when the idea can be easily implemented with probability one, it is profitable to do322

so, while when it is hard to implement with probability one, it is not worthwhile to do so.323

We solve the optimal stopping problem (4) using a quasi-variational inequality (QVI) approach similar324

to Araman and Caldentey (2022). To this end, let us define the set of continuously differentiable325

functions326

Ĉ2 :=
{
f ∈ C1[0, 1] : f ′′(δ) exists ∀δ ∈ [0, 1] \N(f) for some finite set N(f) ⊆ [0, 1]

}
(5)327
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and the operator H on Ĉ2
328

(Hf)(δ) :=
1

2
σ2 δ2 (1− δ)2 f ′′(δ)− r f(δ), for all δ ∈ [0, 1] \N(f). (6)329

Definition 1. The function f ∈ Ĉ2 satisfies the quasi-variational inequalities for the agent’s optimal330

stopping problem in (4), if for all δ ∈ [0, 1] \N(f)331

f(δ)− V (δ) ≥ 0332

(Hf)(δ) ≤ 0 (QVI)333 (
f(δ)− V (δ)

)
(Hf)(δ) = 0. □334

For every solution f ∈ Ĉ2 of the (QVI) conditions, we associate a stopping time τf given by

τf = inf
{
t > 0: f(δt) = V (δt)

}
.

Theorem 1. (Verification) Let f ∈ Ĉ2 be a solution of (QVI). Then,

f(δ) ≥ V(δ) for every δ ∈ [0, 1].

In addition, if there exists a control τf associated with f such that E[τf ] < ∞, then τf is optimal and335

f(δ) = V(δ).336

According to the previous result, at optimality, the QVI conditions partition the interval [0, 1] into337

a continuation region where f(δ) > V (δ) and an intervention region where f(δ) = V (δ). To find a338

solution, we take full advantage of the fact that the payoff function V (δ) is a piecewise linear continuous339

function of δ ∈ [0, 1]. Moreover, V (δ) has only two linear pieces.340

In the intervention region, the third QVI condition implies that V(δ) solves (HV)(δ) = 0, that is,341

(σ δ (1− δ))2

2
V ′′(δ)− r V(δ) = 0. (7)342

The two independent solutions to this ODE are given by F (δ) and F (1− δ) with343

F (δ) ≡ (1− δ)γ

δγ−1
where γ ≡

1 +
√

1 + 8 r/σ2

2
(8)344
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and the general solution to (7) is345

V(δ) = β0 F (δ) + β1 F (1− δ), (9)346

where β0 and β1 are the constants of integration, whose values are determined by imposing value-347

matching V(δ) = 1 and smooth-pasting condition Vδ(δ) = 0 at δ = δ̄.348

It will be useful to define the function349

V̂(δ; δ̄) ≡


(γ−δ̄)
(2 γ−1)

F (δ)

F (δ̄)
+ (γ+δ̄−1)

(2 γ−1)
F (1−δ)

F (1−δ̄)
if 0 < δ ≤ δ̄⋆

1 if δ̄⋆ < δ ≤ 1
(10)350

This corresponds to the solution to equation (7) imposing value-matching and smooth-pasting at δ̄.351

Thus, V̂(δ; δ̄) is decreasing and strictly convex in δ ∈ (0, 1) for a fixed δ̄. Also, V̂(δ; δ̄) increases with352

δ̄ for a given δ. This function is fundamental to understanding the problem because it captures the353

benefit of conducting RD̂. Its convexity tells us that the benefit of conducting R&D increases in the354

initial belief that the idea is good.355

The following result follows from the previous discussion.356

Proposition 1. Suppose Assumption 2 holds. Then, firm i’s expected profit is given by357

V(δ) = 1

r


δπiB(1, d−i;µ) + (1− δ)πiG(1, d−i;µ) if 0 ≤ δ ≤ δ⋆,

V̂(δ; δ̄)πi(0, d−i;µ) if δ⋆ < δ < δ̄⋆,

πi(0, d−i;µ) if δ̄⋆ ≤ δ ≤ 1,

(11)358

and the thresholds δ⋆ and δ̄⋆ are determined imposing value-matching (V(δ) = V (δ)) and smooth-

pasting (Vδ(δ) = Vδ(δ)) conditions at δ = δ⋆ and δ = δ̄⋆, and satisfy

δ⋆ < (πiG(1, d−i;µ)− πi(0, d−i;µ))/(πiG(1, d−i;µ)− πiB(1, d−i;µ)) < δ̄⋆.

The profit-maximizing strategy (τ⋆, d⋆) is given by

τ⋆ = inf
{
t > 0: δt ̸∈ (δ⋆, δ̄⋆)

}
and d⋆ = I(δτ⋆ ≤ δ⋆).

The problem of firm i is that the only relevant information for its decision each time is the current359

belief. The trajectory of the belief is irrelevant due to the updating process’s martingale nature and the360
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objective function’s quasi-linearity. This allows us to characterize the firm i’s problem as an optimal361

hitting time with a high and a low threshold.362

When the posterior hits the high threshold, it is profit-maximizing to discard the idea, while when it363

hits the low threshold, it is profit-maximizing to implement the idea.364

Because the firm can stop R&D at any time, the expected incremental profits must be large enough365

so that the firm is willing to keep conducting R&D instead of discarding the idea. This happens366

when the firm believes the idea is hard with high probability (i.e., δ ≥ δ̄⋆) since its expected present367

value is lower than the present value of keep producing with the old technology. When the firm stops368

–the posterior hits the high threshold– and discards the idea, the value-matching and smooth-pasting369

conditions must be satisfied. Otherwise, there would be room for improvement (see, Figure 1).370

Similarly, since firm i can implement the innovation whenever it wants, to be optimal for it to keep371

the idea as an option and to stay learning, it must be optimal for the firm to postpone it. This372

happens when the firm believes the idea is easy with high probability (i.e., δ ≤ δ⋆) since its expected373

present value from producing with the new technology exceeds that from producing with the current374

technology. When the firm stops –the posterior hits the low threshold– and implements the idea, the375

value-matching and smooth-pasting conditions must be satisfied. Again, if this is not met, there is376

room for improvement (see, Figure 1).377

Because waiting to get the return to the idea when implemented or saving the R&D cost when discarded378

is costly, when the prior is neither high nor low (i.e. δ⋆ < δ < δ̄⋆), the expected discounted profits upon379

reaching time t ≤ τ⋆ must be larger than the maximum between Eδπ
iθ(1, d−i;µ) and (πi(0, d−i;µ) to380

compensate for the extra time it will take to get this due to R&D (see Figure 1).381

We next provide a probabilistic characterization of the firm i’s optimal strategy (τ⋆, d⋆) when R&D is382

conducted. The result is based on the dynamics of the belief process δt, as detailed in Equation (1),383

the hitting time representation of τ⋆ in Proposition 1, and Dynkin’s formula (see Øksendal, 2013).384

Proposition 2. Suppose δ ∈ (δ⋆, δ̄⋆), then the optimal stopping τ⋆ has the moment generating function385

Eδ[e
s τ⋆ ] =

(F (1− δ̄⋆)− F (1− δ⋆))F (δ) + (F (δ⋆)− F (δ̄⋆))F (1− δ)

F (δ⋆)F (1− δ̄⋆)− F (δ̄⋆)F (1− δ⋆)
.386

The expected amount of time firm i spends conducting R&D is equal to

Eδ[τ
⋆] =

(
δ̄⋆ − δ

δ̄⋆ − δ⋆

)
g(δ⋆) +

(
δ − δ⋆

δ̄⋆ − δ⋆

)
g(δ̄⋆)− g(δ), where g(δ) =

2 (1− 2δ)

σ2
ln

(
1− δ

δ

)
.

16



δ

πiG(1, d−i;µ)

δ⋆ δ
⋆

πi(0, d−i;µ)

Implement R&D Discard

V(δ)

V (δ)

Figure 1: firm i’s expected discounted payoff V(δ) as a function of the belief δ. The range of beliefs is partition into three

regions: (i) for δ ∈ [0, δ⋆] the firm implements the idea, (ii) for δ ∈ (δ⋆, δ̄⋆) the firm conducts R&D and (iii) for δ ∈ [δ̄⋆, 1] the

firm discard the idea.

The probability that firm i implements its innovation and the probability that it does not are given by

Pδ(d
⋆ = 1) =

δ̄⋆ − δ

δ̄⋆ − δ⋆
and Pδ(d

⋆ = 0) =
δ − δ⋆

δ̄⋆ − δ⋆
, respectively.

In the remainder of this section, we will study the effect of competition on the three different but387

related measures of R&D intensity. One is the difference between the high and the low threshold,388

δ̄∗ − δ∗. Another is the expected amount of time the firm spends conducting R&D. The other is the389

probability the idea is implemented.390

The first measure of competitiveness is the regular profits, i.e., profits the firm makes while conducting391

R&D or when the idea is discarded. The smaller the regular profits, the more competitive the market392

pre-innovation. This speaks directly to Arrow’s replacement effect.393

Proposition 3 (Arrow’s Replacement Effect).394

i) δ̄⋆, δ⋆, and δ̄⋆ − δ⋆ fall with πi(0, d−i;µ).395

ii) The probability that the idea is implemented falls with πi(0, d−i;µ).396

iii) The expected R&D intensity, Eδ[τ
⋆], falls with πi(0, d−i;µ).397
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On the one hand, the larger the regular profits, i.e., the less competitive the market pre-innovation, the398

less costly it is to discard the idea since the incremental profits are smaller. On the other hand, the cost399

of conducting R&D is smaller since while doing it, the firm gets πi(0, d−i;µ)− c. Thus, implementing400

the idea requires a higher standard regarding the experiment results, i.e., a lower threshold below401

which the idea is implemented.402

Thus, an increase in regular profits not only gives rise to Arrow’s replacement effect but also to less403

experimentation and, therefore, less information regarding the quality of the idea.404

Next, we study how R&D and the probability that the innovation is implemented are affected by the405

competition intensity, as measured by µ. This exercise differs from the preceding one since competition406

intensity lowers regular profits and those from innovation, and thereby, more intense competition may407

either increase or decrease the incremental profits from innovation. Thus, more intense competition408

results not only in a replacement effect but also in a reducing-profitability effect.409

Assumption 3.
πiG
µ

πiG
≥

πi
µ

πi
≥

πiD
µ

πiD
.410

Proposition 4. Suppose that Assumption 3 holds.411

i) If412

δ⋆
(
πiD
µ − πiD

πi
πi
µ

)
+ (1− δ⋆)

(
πiG
µ − πiG

πi
πi
µ

)
≤ 0, (12)413

then (δ̄⋆, δ⋆). δ̄⋆ − δ⋆, and Pδ̄(d
⋆ = 1) rise with µ.414

ii) If the inequality in equation (12) does not hold, then δ̄⋆ rises with µ, δ⋆ rises with µ whenever415

δ⋆ ≥ 1/2 or δ⋆ < 1/2 and416

δ⋆GD(γ, δ̄
⋆, δ⋆)

(
πiD
µ − πiD

πi
πi
µ

)
+ (1− δ⋆)GE(γ, δ̄

⋆, δ⋆)

(
πiG
µ − πiG

πi
πi
µ

)
≥ 0, (13)417

and falls otherwise. δ̄⋆ − δ⋆ rises with µ and Pδ̄(d
⋆ = 1) may either rises or falls with µ.418

iii) If the inequalities in equations (12) and (13) do not hold, then (δ̄⋆, δ⋆). δ̄⋆ − δ⋆, and Pδ̄(d
⋆ = 1)419

rise with µ.420

On the one hand, because increased competition intensity lowers regular profits, the replacement effect421

implies the firm implements the idea more frequently, and the high and low threshold as well as its422

difference rise.423
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On the other hand, increased competition intensity decreases the expected profits from the innovation.424

The decreases in πiD, ceteris-paribus, implies that the discarding the project is more attractive and425

conducting more R&D to avoid implementing a bad idea is worthwhile.426

When the expected incremental value of innovation in percentage terms is negative, the high and low427

threshold and its difference fall as well as the probability that the idea is implemented.428

In particular, how much regular profits fall in percentage terms relative to the drop, in percentage429

terms, of the expected profits from innovation evaluated at the optimal thresholds. When regular prof-430

its falls less, the profit-reducing effect dominates the replacement effect and R&D and implementation431

suffers.432

In contrast, when the opposite happens, the upper threshold rises and thereby the firm tolerates more433

bad news before discarding the project. However, the firm could more or less inclined to implement the434

innovation as good information arrive. This depends on how competition intensity affect profits when435

the idea is badrelative to when it is good. The firm will be more inclined to implement the idea after436

positive information when the profits of the good idea relative to the regular profits suffer relatively437

much less than the profits of the badidea relative to the regular profits. This happens because the438

prize of innovation, i.e., the slope of the expected profits, rises. In this case, the probability that the439

ideas is implemented rises with competition intensity.440

The impact of a stronger competition on the intensity of R&D, as measured by δ̄⋆ − δ⋆, is negative441

only if δ̄⋆ − 2δ⋆ > 0442

4.2 Multiple Ideas: Sequential R&D443

We extend our previous analysis by allowing multiple independent R&D ideas to be researched sequen-444

tially. Our concern relates to whether having new ideas increases the probability of either accepting445

or rejecting the current idea and the time spent on R&D in the initial idea being researched.446

The firm can engage in R&D in a new idea once the current research idea is rejected. Once an idea447

is accepted and implemented, it is not possible to engage in R&D. It is as if the cost of running two448

parallel R&D processes is infinite. This could be due to limited financial resources or a limited number449

of scientists.450

To keep the analysis as simple as possible, let’s assume there are two ideas, denoted by g and b. Thus,451

idea g is better than idea b, and thereby, idea g is undertaken first. This implies that the firm chooses452
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between two risky armed bandits instead of a risky and safe armed bandit. The riskiness of the new453

arm bandit is endogenous since if it is rejected, the payoff is the same as when the first idea is rejected.454

The only difference between idea g and idea b is the second-order differential equation governing the455

R&D process. Namely, the SDE governing the R&D in idea g is given by that in equation (1), whereas456

the SDE governing the R&D in idea b is as follows457

dηt = ηt (1− ηt) dAt and At = σ ρBt + σb
√
1− ρ2Ct, and η0 = η otherwise. (14)458

where Bt and Ct are two independent Brownian motions. Thus, At and Bt are correlated with459

correlation coefficient ρ ∈ [−1, 1], where ηt = P(η = 1 | Gt) denote the agent’s belief after conducting460

due diligence for t time units, and Gt denote the usual filtration generated by At. Let T be the set of461

stopping times regarding G. We will naturally require τb ∈ T and db ∈ Gτ .462

Let’s define the function463

V (η) ≡πi(0, d−i;µ)− c+max
{
ηπiD(1, d−i;µ) + (1− η)πiG(1, d−i;µ)− πi(0, d−i;µ) + c, c

}
.464

In contrast, the firm i’s optimal stopping problem is given by465

V(η; ρ) =: sup
τ ib∈T

{Eη [V (ητb)]}466

subject to467

dηt = ηt (1− ηt) (σ ρBt + σb
√

1− ρ2Ct) and η0 = η.468

According to the verification theorem, at optimality, the QVI conditions partition the interval [0, 1]469

into a continuation region where f(η) > V (η) and an intervention region where f(η) = V (η). To470

find a solution, we take full advantage of the payoff function V (δ) being a piecewise linear continuous471

function of η ∈ [0, 1]. Moreover, V (η) has only two linear pieces.472

In the intervention region, the third QVI condition implies that V(η; ρ) solves (HV)(η; ρ) = 0, that is,473

(σ(ρ) η (1− η))2

2
V ′′(η; ρ)− r V(η; ρ) = 0, (15)474

where σ(ρ) ≡ σ2ρ2 + σ2
b (1− ρ2).475
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Thus, this problem has the same structure as the one we already solved in the last section. The476

solution is also a cutoff strategy (η⋆
b
, η̄⋆b ) with parameter σ(ρ) instead of σ. The equilibrium payoff is477

given by478

V(η; ρ) = 1

r


δπiD(1, d−i;µ) + (1− δ)πiG(1, d−i;µ) if 0 ≤ η ≤ η⋆,

V̂(η; η̄, ρ)πi(0, d−i;µ) if η⋆ < η < η̄⋆,

πi(0, d−i;µ) if η̄⋆ ≤ η ≤ 1,

(16)479

where480

V̂(η; η̄, ρ) ≡


(γ(ρ)−η̄)
(2 γ(ρ)−1)

F (η)‘
F (η̄) + (γ(ρ)+η̄−1)

(2 γ(ρ)−1)
F (1−η)

F (1−δ̄)
if 0 < η ≤ η̄⋆

1 if η̄⋆ < η ≤ 1
(17)481

The firm’s payoff in period 0 is482 ∫ ∞

τ ig

e−r t
(
digEδπ

iθ(1, d−i;µ) + (1− dig)V(η; ρ)
)
dt+

∫ τ ig

0
e−r t

(
πi(0, d−i;µ)− c

)
dt. (18)483

It readily follows from this firm i’s profits can be written as follows484

V (δ; η, ρ) =
1

r

(
πi(0, d−i;µ)− c+max

{
δiπiD(1, d−i;µ) + (1− δi)πiG(1, d−i;µ)− πi(0, d−i;µ) + c,485

V(η; ρ)− πi(0, d−i;µ) + c
})

.486

Given the optimal decision di⋆g , firm i’s optimal stopping problem is given by487

V(δ; η, ρ) = sup
τ ig∈T

{
Eδ

[
e−r τ igV (δτ ig ; η)

]}
(19)488

subject to489

dδt = δt (1− δt)σ dBt and δ0 = δ.490

It will become useful to define the function491

V̂(δ; δ̄) ≡ (γ−δ̄)
(2 γ−1)

F (δ)

F (δ̄)
+ (γ+δ̄−1)

(2 γ−1)
F (1−δ)

F (1−δ̄)
if 0 < δ < δ̄⋆. (20)492

This corresponds to the solution to equation (7) imposing value-matching and smooth-pasting at δ̄.493

Thus, V̂(δ; δ̄, η, ρ) is decreasing and strictly convex in δ ∈ (0, 1) for a fixed δ̄. Also, V̂(δ; δ̄, η, ρ) increases494

with δ̄ for a given δ.495

The following result follows from the previous discussion and Proposition 1496
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Proposition 5. Suppose Assumption 2 holds. Then, firm i’s expected profit is497

V(δ; η, ρ) = 1

r


δπiD(1, d−i;µ) + (1− δ)πiG(1, d−i;µ) if 0 ≤ δ ≤ δ⋆,

V̂(δ; δ̄)V(η; ρ) if δ⋆ < δ < δ̄⋆,

V(η; ρ) if δ̄⋆ ≤ δ ≤ 1,

(21)498

and the thresholds δ⋆ and δ̄⋆ are determined imposing value-matching and smooth-pasting conditions499

at δ = δ⋆ and δ = δ̄⋆, and satisfy δ⋆ < (πiG(1, d−i;µ)− V(η; ρ))/(πiG(1, d−i;µ)− πiD(1, d−i;µ)) < δ̄⋆.500

The profit-maximizing strategy (τ⋆g , d
⋆
g) is given by

τ⋆g = inf
{
t > 0: δt ̸∈ (δ⋆, δ̄⋆)

}
and d⋆g = I(δτ⋆g ≤ δ⋆).

Proposition 6. Suppose that σ > σb. Then, as the correlation between the Browning motions rises,501

the probability of rejecting the first idea increases whenever δ̄⋆ ≤ 1/2.502

5 Two Innovators with Sequential R&D503

In this section, we discuss the case in which two firms, denoted by 1 and 2, each having an idea that504

it wants to implement but before doing so each may engage in R&D.505

We assume that firm 1 engages in R&D first and firm 2 does so after observing firm 1’s decisions and506

the outcome of its innovation when implemented. Firm i’s profits depend on whether firm j’s idea is507

implemented or not and the quality of it as follows.508

Assumption 4.509

i) For i ∈ {1, 2} and θ ∈ {D,E}, πiθ(1, 1;µ)− πi(0, 1;µ) ⋚ πiθ(1, 0;µ)− πi(0, 0;µ).510

ii) For i, j ∈ {1, 2}, i ̸= j and dj ∈ {0, 1}, πiG(1, 1;µ)− πiG(1, 0;µ) > πiD(1, 1;µ)− πiD(1, 0;µ).511

iii) For i ∈ {1, 2} and θ ∈ {D,E}, πiθ(di, 1;µ)− πiθ(di, 0;µ) < 0 and πi(0, 1;µ)− πi(0, 0;µ) < 0.512

Part i) says that profits from the innovation can be complements or substitutes. Part ii) assumes513

that firm i’s innovation increases its profit more when the idea is easier than when it is badfor any514
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investment decision for firm j. Part iii) establishes that firm i’s profits fall when firm j implements515

its idea regardless of its quality.516

Firm 2’s optimization problem is identical to the one solved in Section 4. Let firm 2’s prior be η ∈ (0, 1).517

It readily follows from Proposition 1 that firm 2’s optimal strategy is a threshold strategy with two518

thresholds, denoted by η̄(d1) and η(d1), where d1 = 1 when firm 1 implement its idea and d1 = 0 when519

it does not.520

It readily follows from Proposition 2 that the probability that firm 2 implements its idea is given by

Pδ(d
2⋆ = 1|d1) = η̄⋆(d1)− η

η̄⋆(d1)− η⋆(d1)
.

The probability that the idea is implemented when d1 = 1 is larger than that when d1 = 0 whenever521

(η − η⋆(0))(η̄⋆(1)− η̄⋆(0)) > (η − η̄⋆(0))(η⋆(1)− η⋆(0)).522

Proposition 7. If523

π2D(1, 1;µ)− π2E(1, 1;µ))

π2(0, 1;µ)
>

π2D(1, 0;µ)− π2E(1, 0;µ))

π2(0, 0;µ)
and

π2E(1, 1;µ))

π2(0, 1;µ)
>

π2E(1, 0;µ))

π2(0, 0;µ)
, (22)524

, then Pδ(d
2⋆ = 1|1) > Pδ(d

2⋆ = 1|0).525

Thus, firm 2’s probability to implement its idea is larger when firm 1 implements its than when it526

does not whenever i) the ratio of the difference between firm 2’s profits when the idea is badand the527

profits when it is good to the regular profits is larger when firm 1 innovates and ii) the ratio of the528

good idea profit to the regular profits is larger when firm 1 innovates. In other words, when firm 1’s529

innovation hits less harder firm 2’s profits gain from its idea than it hits regular profits. Hence, in this530

case, firm 1’s competition induces firm 2 to do more R&D and to implement its idea more frequently.531

Given this, firm 1’s profits are532

V (δ; η⋆, η̄⋆) =:
1

r

(
Ed2⋆ [π

1(0, d2⋆;µ)]− c+533

max
{
δEd2⋆ [π

1D(1, d2⋆;µ)] + (1− δ)Ed2⋆ [π
1E(1, d2⋆;µ)]− Ed2⋆ [π

1(0, d2⋆;µ)] + c, c
})

,534

where Ed2⋆ [π
1θ(1, d2;µ)] =: Pδ(d

2⋆ = 1|1)π1θ(1, 1;µ) + (1 − Pδ(d
2⋆ = 1|1))π1θ(1, 0;µ) for θ ∈ {E,D}535

and Ed2⋆ [π
1(1, d2;µ)] =: Pδ(d

2⋆ = 1|0)π1(0, 1;µ) + (1− Pδ(d
2⋆ = 1|0))π1(0, 0;µ).536

It follows from Assumption 4 that in each possible state, firm 1’s profits are smaller when firm 2537

implements its idea. Thus, a priori, the fact that firm 1 faces competition in the future may either538

increase or decrease its incentives to carry R&D and to implement its idea.539
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Given the optimal decision d1⋆, firm i’s optimal stopping problem is given by540

V(δ, η⋆, η̄⋆) = sup
τ i∈T

{
Eδ

[
e−r τ iV (δτ i ; η

⋆, η̄⋆)
]}

(23)541

subject to542

dδt = δt (1− δt)σ dBt and δ0 = δ.543

This problem is also identical to the one solved in Section 4 but for the fact that now the expected544

profits with respect δ and firm 2’s optimal strategy, which depends on what firm 1 does, replace the545

expected profits with respect only to δ.546

It readily follows from Proposition 1 that firm 1’s optimal strategy is a threshold strategy with two547

thresholds, denoted as before, by δ̄⋆,c and δ⋆,c, where the c stands for competition.548

When the probability that firm 2 implements its idea rises when firm 1 implements its idea, firm549

1’s expected profits from implementing its idea fall and regular profits also falls. Thus, the firm 1’s550

incentives to carry R&D and to implement its idea may either rise or fall.551

Using the result in Proposition 4, we can conclude the following:552

Proposition 8. Suppose that the condition in Proposition 22 holds. Then,553

6 Concluding Remarks554

This paper provides an answer to a classical question, which is whether competition increases R&D555

or not. The answer is, as in most cases in this topic, ambiguous. However, the paper highlights that556

what happens depends on how strong is Arrow’s replacement effect relative to the profit-reducing557

effect. That is the impact of competition intensity on the innovation’s expected profits when these are558

evaluated at the optimal stopping time.559
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A Proofs One Innovator Case723

Proof of Lemma 1:724

(a). If min{πiG(1, d−i;µ), πiB(1, d−i;µ)} ≥ πi(0, d−i;µ), then it follows from the definition of V (δ)725

that for any δ ∈ [0, 1] V (δ) = (πiθ(1, d−i;µ)− (π(0, d−i;µ)− c)). As a result, firm i’s optimal stopping726

problem in (4) satisfies727

V(δ) = sup
τ∈T

Eδ

[
e−r τ V (δτ )

]
= sup

τ∈T
Eδ

[
e−r τ

(
πiθ(1, d−i;µ)− (π(0, d−i;µ)− c)

)]
728

≤ sup
τ∈T

Eδ

[
πiθ(1, d−i;µ)− (π(0, d−i;µ)− c)]729

= Eδ[π
iθ(1, d−i;µ)]− (π(0, d−i;µ)− c),730

where the last equality follows from the optional stopping theorem and the fact that δt is a bounded731

continuous martingale. Since Eδ[π
iθ(1, d−i;µ)]− (π(0, d−i;µ)− c) ≥ 0, we conclude that it is optimal732

for the firm to implement its idea immediately, i.e., τ⋆ = 0 and d⋆ = 1.733

(b). The proof follows trivially by noticing that the maximum expected payoff that the firm could get734

by implementing the idea equals max
δ∈(0,1)

Eδ[π
iθ(1, d−i;µ)]− (π(0, d−i;µ)− c) < 0. □735

Proof of Theorem 1: For an f ∈ Ĉ2 that solves (QVI) we have736

e−r τ f(δτ ) = f(δ) +

∫ τ

0
e−r tHf(δt) dt+

∫ τ

0
e−r tσ δt (1− δt) f

′(δt) dBt737

≤ f(δ) +

∫ τ

0
e−r t σ δt (1− δt) f

′(δt) dBt,738

where the equality follows from integration-by-parts and Itô’s lemma and the inequality follows from739

the fact that Hf(δ) ≤ 0 (second QVI condition). Taking expectation and canceling the stochastic740

integral, we get E[e−r τ f(δτ )] ≤ f(δ). From the first QVI condition it follows that E[e−r τ V (δτ )] ≤741

E[e−r τ f(δτ )] ≤ f(δ). Taking the supreme over all stopping times τ ≥ 0, we conclude that f(δ) ≥ V(δ).742

Finally, all the inequalities above become equalities for the QVI-control associated to f . This follows743

from Dynkin’s formula and the fact that the QVI-control is the first exit time from the continuation744

region C. □745
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Proof of Proposition 1: Let V(δ) be the function defined in (11). We will show that V(δ) satisfies

the (QVI) optimality conditions and so by Theorem 1 it is equal to the firm’s optimal expected payoff

in (4). To this end, note that V(δ) ∈ Ĉ2, which follows from the smooth-pasting and value-matching

conditions. Also, by (9) and the fact that V (δ) is piece-wise linear, we have that

(HV)(δ) =



−r V (δ) if 0 ≤ δ < δ,

0 if δ < δ < δ̄,

−r V (δ) if δ̄ < δ ≤ 1.

From this, and the definition of V(δ), it follows that (HV)(δ) ≤ 0 and
(
V(δ)− V (δ)

)
(HV)(δ) = 0 for746

all δ ∈ [0, 1] \ {δ, δ̄}. Thus, V(δ) satisfies the second and third (QVI) condition.747

Next, we show the existence and uniqueness of a function V(δ) satisfying the condition in the propo-

sition. To simplify the notation let us define an auxiliary family of functions {V̂(δ; δ̄) : δ ∈ (0, 1)}

parameterized by δ̄ ∈ (0, 1) such that

V̂(δ; δ̄) = β0(δ̄)F (δ) + β1(δ̄)F (1− δ) if 0 < δ < δ̄,

where the constants β0(δ̄) and β1(δ̄) are chosen so that V̂(δ, δ̄) is continuously differentiable at δ = δ̄.748

To find β0(δ̄) and β1(δ̄), we impose value-matching and smooth-pasting conditions at δ = δ̄:

β0(δ̄)F (δ̄) + β1(δ̄)F (1− δ̄) = 1 and β0(δ̄)Fδ(δ̄) + β1(δ̄)Fδ(1− δ̄) = 0.

Using the fact that Fδ(δ) = F (δ)
(1− γ − δ)

δ (1− δ)
and Fδ(1− δ) = F (1− δ)

(γ − δ)

δ (1− δ)
, we get that

β0(δ̄) =
(γ − δ̄)

(2 γ − 1)F (δ̄)
and β1(δ̄) =

(γ + δ̄ − 1)

(2 γ − 1)F (1− δ̄)
.

Since γ > 1 it follows that β0(δ̄) and β1(δ̄) are both positive for δ̄ ∈ (0, 1). Furthermore, β0(δ̄) ↑ ∞ as749

δ̄ ↑ 1 and β1(δ̄) ↑ ∞ as δ̄ ↓ 0. It follows that750

V̂(δ; δ̄) =


(γ−δ̄)
(2 γ−1)

F (δ)

F (δ̄)
+ (γ+δ̄−1)

(2 γ−1)
F (1−δ)

F (1−δ̄)
if 0 < δ < δ̄,

1 if δ̄ ≤ δ ≤ 1.
(24)751

32



By construction the function V̂(δ; δ̄) is continuously differentiable in (0, 1). Furthermore, in the region752

δ ∈ (0, δ̄) it is also decreasing and strictly convex. To see this, note that in this region V̂(δ; δ̄) satisfies753

the differential equation (7) and so754

(σδ(1− δ))2

2
V̂ ′′(δ; δ̄)− r V̂(δ; δ̄) = 0 =⇒ V̂ ′′(δ; δ̄) =

2

(σδ(1− δ))2

(
rV̂(δ; δ̄)

)
755

≥ 2

(σδ(1− δ))2
> 0.756

This proves that it is strictly convex. In addition, from the smooth-pasting condition V̂ ′(δ̄; δ̄) = 0. As757

V̂ ′(δ; δ̄) increases with δ, we get that V̂ ′(δ; δ̄) < 0 in the region δ ∈ (0, δ̄) proving that it is decreasing.758

To complete the proof, we will show that there exists a value of

δ̄ > δ̂ := (πiG(1, d−i;µ)− πi(0, d−i;µ))/(πiG(1, d−i;µ)− πiB(1, d−i;µ)),

such that the associated function V̂(δ; δ̄) satisfies value-matching and smooth-pasting conditions with759

the function (1− δ)πiG(1, d−i;µ) + δ πiB(1, d−i;µ) at some δ < δ̂.760

The argument combines the following facts:761

i) The function V̂(δ; δ̄) is monotonically decreasing and strictly convex in (0, δ̄] as argued above.762

ii) The function V (δ) is piece-wise linear in (0,1).763

iii) V̂(δ; δ̄) is monotonic in δ̄, that is, V̂(δ; δ̄1) ≤ V̂(δ; δ̄2) for δ̄1 ≤ δ̄2.764

iv) For all δ̄ ∈ (0, 1) we have that V̂(δ; δ̄) ↑ ∞ as δ ↓ 0.765

v) For δ̄ sufficiently large V̂(δ; δ̄) > V (δ) for all δ ∈ (0, δ̄).766

Point (iii) follows from noticing that in (A) the first-factor numerator is null when δ = δ̄ and decreases767

with δ̄ as F ′(δ) < 0, then the numerator is negative for all δ < δ̄. The denominator is always positive.768

Finally, the second factor is negative by γ > 1.769

∂V̂(δ; δ̄)
∂δ̄

=
1

2γ − 1

[
F (1− δ)F (δ̄)− F (δ)F (1− δ̄)

F (1− δ̄)F (δ̄)

]
γ(1− γ)

δ̄(1− δ̄)
> 0. (25)770

Point (iv) follows from noticing that F (0) ↑ ∞ as δ ↓ 0. Finally, (v) follows the fact that β0(δ̄) grows771

unboundedly as δ̄ ↑ 1.772
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Combining points (i) and (iv), it follows that if δ̄ ≤ δ̂, the function V̂(δ; δ̄) will intersect V (δ) in a773

non-smooth way in the region (0, δ̄). Thus, smooth-pasting can only be achieved if δ̄ > δ̂. On the774

other hand, by point (v) for δ sufficiently large, the function V̂(δ; δ̄) never intersects V (δ) in (0, δ̄)775

and so again there is trivially no smooth-pasting in this region. Thus, by the continuity V̂(δ; δ̄) on776

δ and points (i) and (ii) there exists a δ̄ such that V̂(δ; δ̄) intersects smoothly V (δ) in the region777

(0, δ̄). Finally, by point (iii) there is a unique δ̄ ∈ (δ̂, 1) for which V̂(δ; δ̄) satisfies the smooth-pasting778

condition. □779

Proof of Proposition 2: To derive the moment generating function Eδ[e
s τ ] of τ , let us consider a

function f(δ) such that f(δ) = f(δ̄) = 1 and

1

2
σ2 δ2 (1− δ)2 f ′′(δ) + s f(δ) = 0 for all δ ∈ [δ, δ̄].

For s < σ2/8, the solution to this ODE is given by f(δ) = K0 F (δ) +K1 F (1− δ) for two constants of

integration K0 and K1, where

F (δ) =
(1− δ)η(s)

δη(s)−1
with η(s) =

1 +
√
1− 8 s/σ2

2
.

We find the values of K0 and K1 imposing the boundary conditions f(δ) = f(δ̄) = 1. It follows that

f(δ) =
(F (1− δ̄)− F (1− δ))F (δ) + (F (δ)− F (δ̄))F (1− δ)

F (δ)F (1− δ̄)− F (δ̄)F (1− δ)
.

From Dynkin’s formula (see Øksendal, 2013) we get

Eδ[e
sτ f(δτ )] = f(δ) + Eδ

[∫ τ

0

(1
2
σ2 δ2 (1− δ)2 f ′′(δ) + s f(δ)

)
es t dt

]
= f(δ).

But since f(δ) = f(δ̄) = 1 we have that Eδ[e
sτ f(δτ )] = Eδ[e

s τ ]. We conclude that

Eδ[e
s τ ] =

(F (1− δ̄)− F (1− δ))F (δ) + (F (δ)− F (δ̄))F (1− δ)

F (δ)F (1− δ̄)− F (δ̄)F (1− δ)
.

To compute the expected duration of due diligence, Eδ[τ ], we can either evaluate the derivative of

Eδ[e
s τ ] with respect to s at s = 0. Alternatively, consider a function g(δ) such that

1

2
σ2 δ2 (1− δ)2 g′′(δ) = 1 for all δ ∈ [δ, δ̄].

One particular solution is given by

g(δ) =
2 (1− 2δ)

σ2
ln

(
1− δ

δ

)
.
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Then, it follows that

Eδ[g(δτ )] = g(δ) + Eδ

[∫ τ

0

1

2
σ2 δ2 (1− δ)2 g′′(δ) dt

]
= g(δ) + Eδ[τ ].

But since Eδ[g(δτ )] = g(δ)Pδ(δτ = δ) + g(δ̄)Pδ(δτ = δ̄), we conclude that

Eδ[τ ] =

(
δ̄ − δ

δ̄ − δ

)
g(δ) +

(
δ − δ

δ̄ − δ

)
g(δ̄)− g(δ)

.780

Finally, we use a similar derivation to compute Pδ(δτ = δ) and Pδ(δτ = δ̄) = 1 − Pδ(δτ = δ). Let us

define the function h(δ) such that h(δ) = 1, h(δ̄) = 0 and

1

2
σ2 δ2 (1− δ)2 h′′(δ) = 0 for all δ ∈ [δ, δ̄].

It follows that h(δ) = (δ̄ − δ)/(δ̄ − δ). Then

Pδ(δτ = δ) = Eδ[I(δτ = δ)] = Eδ[h(δτ )] = h(δ) + Eδ

[∫ τ

0

1

2
σ2 δ2 (1− δ)2 h′′(δ) dt

]
= h(δ) =

δ̄ − δ

δ̄ − δ
. □

Proof of Proposition 3 and Proposition 4: The function V̂(δ; δ̄⋆) must satisfy smooth-pasting781

and value-matching conditions at δ⋆ for each δ̄ satisfying its corresponding smooth-pasting and value-782

matching conditions.783

Recall that784

V̂(δ; δ̄) =


(γ−δ̄)
(2 γ−1)

F (δ)

F (δ̄)
+ (γ+δ̄−1)

(2 γ−1)
F (1−δ)

F (1−δ̄)
if 0 < δ < δ̄

1 if δ̄ ≤ δ ≤ 1.
(26)785

Thus, value matching and smooth-pasting at δ⋆ entails the following786

V̂(δ⋆; δ̄⋆)πi(0, d−i;µ) = δ⋆πiB(1, d−i;µ) + (1− δ⋆)πiG(1, d−i;µ)787

V̂δ(δ
⋆; δ̄⋆)πi(0, d−i;µ) = πiB(1, d−i;µ)− πiG(1, d−i;µ)788

Let △π(µ) =
πiB(1,d−i;µ)−πiG(1,d−i;µ)

πi(0,d−i;µ)
. Totally differentiating both equations with respect to δ̄, δ, and789

(πiB(1, d−i;µ), πiG(1, d−i;µ), we get that790

πi(0, d−i;µ)

 V̂δ(δ
⋆; δ̄⋆)−△π(µ) V̂δ̄(δ

⋆; δ̄⋆)

V̂δδ(δ
⋆; δ̄⋆) V̂δδ̄(δ

⋆; δ̄⋆)

×

 δ⋆πE
δ⋆πD

δ⋆π

δ̄⋆πE
δ̄⋆πD

δ̄⋆π

 =

 1− δ⋆ δ⋆ −V̂(δ⋆; δ̄⋆)

−1 1 −V̂δ(δ
⋆; δ̄⋆)

791
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The determinant of the matrix is given by792

det V̂ ≡
(
(V̂δ(δ

⋆; δ̄⋆)−△π(µ))V̂δδ̄(δ
⋆; δ̄⋆)− V̂δδ(δ

⋆; δ̄⋆)V̂δ̄(δ
⋆; δ̄⋆) =793

− V̂δδ(δ
⋆; δ̄⋆)V̂δ̄(δ

⋆; δ̄⋆) < 0794

where the inequality readily follows from the fact that smooth-pasting implies that V̂δ(δ
⋆; δ̄⋆) = △π(µ),795

V̂(δ; δ̄⋆) is decreasing and strictly convex in δ and non-decreasing in δ̄ for any given δ, and796

∂V̂(δ, δ̄)
∂δ

=
1

2γ − 1

1

δ(1− δ)

(
(γ − δ̄)(1− γ − δ)

F (δ)

F (δ̄)
+ (γ + δ̄ − 1)(γ − δ)

F (1− δ)

F (1− δ̄)

)
< 0,797

798

∂2V̂(δ, δ̄)
∂δ∂δ

= −γ(1− γ)

2γ − 1

1

(δ(1− δ))2

(
(γ − δ̄)

F (δ)

F (δ̄)
+ (γ + δ̄ − 1)

F (1− δ)

F (1− δ̄)

)
> 0,799

∂V̂(δ; δ̄)
∂δ̄

=
1

2γ − 1

(
F (1− δ)

F (1− δ̄)
− F (δ)

F (δ̄)

)
γ(1− γ)

δ̄(1− δ̄)
> 0,800

and801

∂2V̂(δ, δ̄)
∂δ∂δ̄

=
γ(1− γ)

2γ − 1

1

δ(1− δ)δ̄(1− δ̄)

(
(γ − δ)

F (1− δ)

F (1− δ̄)
+ (γ + δ − 1)

F (δ)

F (δ̄)

)
< 0.802

Thus,803

V̂δδ(δ; δ̄) + V̂δδ̄(δ; δ̄) =
γ(1− γ)

2γ − 1

1

δ(1− δ)

((
γ − δ

δ̄(1− δ̄)
− γ + δ̄ − 1

δ(1− δ)

)
F (1− δ)

F (1− δ̄)
+804

(
γ + δ − 1

δ̄(1− δ̄)
− γ − δ̄

δ(1− δ

)
F (δ)

F (δ̄)

)
.805

Next, Cramer’s rule implies that806

δ⋆πD
=

δ⋆V̂δδ̄(δ
⋆; δ̄⋆)− V̂δ̄(δ

⋆; δ̄⋆)

det V̂
> 0,807

808

δ⋆πE
=

(1− δ⋆)V̂δδ̄(δ
⋆; δ̄⋆) + V̂δ̄(δ

⋆; δ̄⋆)

det V̂
> 0,809

810

δ̄⋆πD
=

−δ⋆V̂δδ(δ
⋆; δ̄⋆)

det V̂
> 0,811

δ̄⋆πE
=

−(1− δ⋆)V̂δδ(δ
⋆; δ̄⋆)

det V̂
> 0,812

δ⋆π =
−V̂(δ⋆; δ̄⋆)V̂δ̄δ(δ

⋆; δ̄⋆) + V̂δ(δ
⋆; δ̄⋆)V̂δ̄(δ

⋆; δ̄⋆)

det V̂
< 0813

36



and814

δ̄⋆π =
V̂(δ⋆; δ̄⋆)V̂δδ(δ

⋆; δ̄⋆)

det V̂
< 0,815

Observe that if816

δ⋆
(
πiB
µ − πiB

πi
πi
µ

)
+ (1− δ⋆)

(
πiG
µ − πiG

πi
πi
µ

)
≤ 0,817

then818

δ̄⋆µ = δ̄⋆πD
πiB
µ (1, d−i;µ) + δ̄⋆πE

πiG
µ (1, d−i;µ) + δ̄⋆ππ

i
µ(0, d

−i;µ) ≤ 0,819

820

δ⋆µ = δ⋆πD
πiB
µ (1, d−i;µ) + δ⋆πE

πiG
µ (1, d−i;µ) + δ⋆ππ

i
µ(0, d

−i;µ) < 0,821

while if822

δ⋆
(
πiB
µ − πiB

πi
πi
µ

)
+ (1− δ⋆)

(
πiG
µ − πiG

πi
πi
µ

)
> 0,823

δ̄⋆µ > 0 and δ⋆µ > 0 whenever δ⋆ ≥ 1/2 or δ⋆ < 1/2 and824

δ⋆

(
(γ − 1)

F (1− δ⋆)

F (1− δ⋆)
+ γ

F (δ⋆)

F (δ⋆)

)(
πiB
µ − πiB

πi
πi
µ

)
+825

(1− δ⋆)

(
(γ − 2δ⋆)

F (1− δ⋆)

F (1− δ⋆)
+ (γ + 2δ⋆ − 1)

F (δ⋆)

F (δ⋆)

)(
πiG
µ − πiG

πi
πi
µ

)
≥ 0.826

Observe that827

δ̄⋆µ − δ⋆µ = (δ̄⋆πD
− δ⋆πD

)πiB
µ (1, d−i;µ) + (δ̄⋆πE

− δ⋆πE
)πiG

µ (1, d−i;µ) + (δ̄⋆π − δ⋆π)π
i
µ(0, d

−i;µ) ≤ 0,828

where829

δ̄⋆πD − δ⋆πD =
V̂δ̄(δ

⋆; δ̄⋆)− δ⋆(V̂δδ(δ
⋆; δ̄⋆) + V̂δδ̄(δ

⋆; δ̄⋆))

det V̂
< 0,830

δ̄⋆πE − δ⋆πE =
−(1− δ⋆)(V̂δδ(δ

⋆; δ̄⋆) + V̂δδ̄(δ
⋆; δ̄⋆))− V̂δ̄(δ

⋆; δ̄⋆)

det V̂
> 0 iff δ̄⋆ < 2δ⋆.831

and832

δ̄⋆π − δ⋆π =
V̂(δ⋆; δ̄⋆)(V̂δδ(δ

⋆; δ̄⋆) + V̂δ̄δ(δ
⋆; δ̄⋆))− V̂δ̄(δ

⋆; δ̄⋆)V̂δ(δ
⋆; δ̄⋆)

det V̂
< 0.833

It readily follows from this that834

δ̄⋆µ − δ⋆µ = −
V̂δδ(δ

⋆; δ̄⋆) + V̂δδ̄(δ
⋆; δ̄⋆))

det V̂

(
δ⋆
(
πiB
µ − πiB

πi
πi
µ

)
+ (1− δ⋆)

(
πiG
µ − πiG

πi
πi
µ

))
+835

V̂δ̄(δ
⋆; δ̄⋆)

det V̂

(
πiB
µ − πiB

πi
πi
µ −

(
πiG
µ − πiG

πi
πi
µ

))
.836
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Because of Assumption 3, V̂δ̄(δ
⋆; δ̄⋆) > 0, det V̂ < 0, the second term is positive.837

Recall that

Pδ̄(d
⋆ = 1) =

δ̄⋆ − δ

δ̄⋆ − δ⋆

and therefore
∂Pδ(d

⋆ = 1)

∂µ
= δ̄⋆µ

δ − δ⋆

(δ̄⋆ − δ⋆)2
+ δ⋆µ

δ̄⋆ − δ

(δ̄⋆ − δ⋆)2
≤ 0,

whenever838

δ⋆
(
πiB
µ − πiB

πi
πi
µ

)
+ (1− δ⋆)

(
πiG
µ − πiG

πi
πi
µ

)
≤ 0.839

and it is positive when the opposite holds and840

Recall that

Eδ[τ
⋆] = Pδ(d

⋆ = 1) g(δ⋆) + Pδ(d
⋆ = 0) g(δ̄⋆)− g(δ), where g(δ) =

2 (1− 2δ)

σ2
ln

(
1− δ

δ

)
.

It readily follows from this that841

∂Eδ[τ
⋆]

∂µ
=

∂Pδ(d
⋆ = 1)

∂µ
(g(δ⋆)− g(δ̄⋆)) + Pδ(d

⋆ = 1) g′(δ⋆)δ⋆µ + Pδ(d
⋆ = 0) g′(δ̄⋆)δ̄⋆µ,

where

g′(δ) =
2

σ2

(
−2 ln

1− δ

δ
− 1− 2δ

δ(1− δ)

)
.

Thus, g′(δ) ≤ 0 for δ ≤ 1/2 and g′(δ) > 0 otherwise and g′′(δ) ≥ 0. In addition, g(δ) − g(δ̄) ≥ 0 if842

δ̄ ≤ 1/2, g(δ)− g(δ̄) < 0 if δ ≥ 1/2, and g(δ)− g(δ̄) ⋚ 0 if δ ≤ 1/2 < δ̄.843

Observe that844

∂Eδ[τ
⋆]

∂µ
= Pδ(d

⋆ = 0)δ̄⋆µ

(
g′(δ̄⋆)− g(δ̄⋆)− g(δ⋆)

δ̄⋆ − δ⋆

)
+ Pδ(d

⋆ = 1)δ⋆µ

(
g′(δ⋆)− g(δ̄⋆)− g(δ⋆)

δ̄⋆ − δ⋆

)
.845

Because g(·) is strictly convex and δ̄⋆ > δ⋆, the first term in parenthesis is positive and the second is

negative, if δ⋆µ ≥ 0, and δ̄⋆µ ≤ 0, the expected time falls with µ. This happens whenever

δ⋆πiB
µ + (1− δ⋆)πiG

µ

πi
µ

<
δ⋆πiB + (1− δ⋆)πiG

πi
.
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δδ∗ δ
∗

πi

δπiB + (1− δ)πiG

δπiD′
+ (1− δ)πiE′

δ δ

Figure 2: Comparative Statics

Proof of Proposition 3: Value matching and smooth-pasting at δ⋆ entail the following846

V̂(δ⋆; δ̄⋆)V(η; ρ) = δ⋆πiB(1, d−i;µ) + (1− δ⋆)πiG(1, d−i;µ)847

V̂δ(δ
⋆; δ̄⋆)V(η; ρ) = πiB(1, d−i;µ)− πiG(1, d−i;µ)848

Totally differentiating both equations with respect to δ̄, δ, and γ, we get that849  V(η; ρ)V̂δ(δ
⋆; δ̄⋆)−△π(µ) V(η; ρ)V̂δ̄(δ

⋆; δ̄⋆)

V(η; ρ)V̂δδ(δ
⋆; δ̄⋆) V(η; ρ)V̂δδ̄(δ

⋆; δ̄⋆)

×

 δ⋆γ(ρ)

δ⋆γ(ρ)

 =

 −Vγ(ρ)(η; ρ)V̂(δ⋆; δ̄⋆)

−Vγ(ρ)(η; ρ)V̂δ(δ
⋆; δ̄⋆)

850

where851

Vγ(ρ)(η; ρ) ≥ 0 iff η̄⋆ ≤ 1/2 and negative oherwise852

and the sign of the first inequality follows from the following facts: i) F (η) rises and F (1 − η) falls853

with γ whenever δ ≤ 1/2; ii) γ(1−γ)
2γ−1 falls with γ; iii) F (1−η)

F (1−η̄) falls and F (η)
F (η̄) rises with γ for all η ≤ η̄;854

and iv) (γ−η̄)
(2 γ−1) rises and (γ+η̄−1)

(2 γ−1) falls with γ whenever η̄ ≥ 1/2.855

Next, Cramer’s rule implies that856

δ⋆γ(ρ) =
−V̂δδ̄(δ

⋆; δ̄⋆) + V̂δ̄(δ
⋆; δ̄⋆)

det V̂
Vγ(ρ)(η; ρ)V(η; ρ)V̂(δ⋆; δ̄⋆) ≤ 0 iff η̄⋆ ≤ 1/2,857

and858

δ̄⋆γ(ρ) =
V̂δδ(δ

⋆; δ̄⋆)

det V̂
Vγ(ρ)(η; ρ)V(η; ρ)V̂(δ⋆; δ̄⋆) ≤ 0 iff η̄⋆ ≤ 1/2.859

Thus,860
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δ̄⋆γ(ρ) − δ⋆γ(ρ) =
V̂δδ̄(δ

⋆; δ̄⋆) + V̂δδ(δ
⋆; δ̄⋆)− V̂δ̄(δ

⋆; δ̄⋆)

det V̂
Vγ(ρ)(η; ρ)V(η; ρ)V̂(δ⋆; δ̄⋆) ≥ 0 iff η̄⋆ ≤ 1/2.861

862

Proof of Proposition 7 and Proposition 8: The probability that the idea is implemented when863

d1 = 1 is larger than that when d1 = 0 whenever (η − η⋆(0))(η̄⋆(1) − η̄⋆(0)) > (η − η̄⋆(0))(η⋆(1) −864

η⋆(0)).865

40


	Introduction 
	Literature Review
	Model Setup
	The One Investor Case: The Optimal R&D Strategy
	One Idea
	Multiple Ideas: Sequential R&D

	Two Innovators with Sequential R&D
	Concluding Remarks
	Proofs One Innovator Case

